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Lecture 1 - January 10

Syllabus & Introduction

Safety-Critical Systems
Verification vs. Validation
Theorem Proving vs. Model Checking
TLA+
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Lecture 2 - January 12

Introduction

Safety- vs. Mission-Critical Systems
Formal Methods
Industrial Standards
Verification vs. Validation
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Mission-Critical vs. Safety-Critical

Source: http://pdf.cloud.opensystemsmedia.com/advancedtca-systems.com/SBS.Jan04.pdf
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Building the product right?

&
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↳ ↑
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1.2) components state
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Source: https://resources.sei.cmu.edu/asset_files/whitepaper/2009_019_001_29066.pdf

Research on “Assurance Cases” if interested!

Certifying Systems: Assurance Cases
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Lecture 3 - January 17

Introduction, Math Review

Model-Based Development
TLA+
Logical vs. Programming Operators



Announcement 

• Lab1 released 
+ tutorial videos
+ problems to solve



Software Development Process

- Natural Language
  (incomplete, ambiguous, contradicting)
- Requirement Elicitation

- Blueprints
- Not necessarily executable & testable

- API Given
- Efficient (data structures & algorithms)
- Unit Tests

- Customer’s Acceptance
- Recall?

1hoce5-3or5mi
#QUIREMENT op.

if C. ↳ model
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7 E Event-B
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Correct by Construction

Source: https://audiobookstore.com/audiobooks/failure-is-not-an-option-1.aspx
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Correct by Construction: File Transfer Protocol

m0

m1: more concrete than m0

Mo ... M
=

my
... Mr

↑
delaynansmissionatedin



module ->
Boolean 9 twe, false]

v..I ->
Int- NATTAX

-> Range 3..1 10.00!
Vz:Tz

: state space:the combination of

Nn: Tn all variables

size ofstate space:
model checkers in general 15.1 x(Tz) x... x/Tu/
do not support verification
on real numbers.E.g. R = finitialpast 2 possibilities.

29. R =0.0.. 1.0 infinite continuous
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TLA+ Toolbox

↓C-like design language.
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data sheet

ProgTest -1sheet
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Lecture 1b

Review on Math
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Q. Are the ∧ and ∨ operators equivalent to, respectively, && and || in Java?

Logical Operator vs. Programming Operator

(p +9) xv)

1.

1llez ↓
178822 Is itevaluated to presidence?
if evaluated to # &I will notbe evaluated => result:10
&I will not be evaluated => overall result:If
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Lecture 4 - January 19

Math Review

Propositional Logic, Predicate Logic



Announcement 

• Tuesday’s lecture recording mossing!
• Lab1 released 

+ tutorial videos
+ problems to solve



Implication ≈ Whether a Contract is Honoured
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Expressing Implications
q if p, p is sufficient for q

p only if q, q is necessary for p

q unless ¬p

p: snow storm
q: cancel classconditionsto beme 2.Af↳
I

↓casifal 11:g
relation

ig ->whenthef
cause it doesn'tthen matterwhat consequence is

↳ (the canal velnotviolated

& is necessary to be CT, in↓ &
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known; ·
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alsoofif we know p is

P
π
↳ don'tcare whatg isis

Iis<prg.



Which of the following expressions
are equivalentto 4g
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Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

& universalproperty
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N natural It's
↳ Oz(s]z3,..- +2

I integers
↳ -1--..30,... +1



Logical Quantifiers: Examples

∀ i • i ∈ ℕ ⇒ i ≥ 0

∀ i • i ∈ ℤ ⇒ i ≥ 0

∀ i, j • i ∈ ℤ ∧ j ∈ ℤ ⇒ i < j ∨ i > j

∃ i • i ∈ ℕ ∧ i ≥ 0

∃ i • i ∈ ℤ ∧ i ≥ 0

∃ i, j • i ∈ ℤ ∧ j ∈ ℤ ∧ (i < j ∨ i > j)

v

OCT,3. ... alelements
in age

~f / / witness/counterexample: -Im

/
-2 - -2Gzz -zx,0 =T = F=

witness:It⑨
TAT= T

-=-
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&
witness:O' ⑭z"zz

↳ E1,5 =3
FF.



Lecture 5 - January 24

Math Review

Logical Quantifications: Proof Strategies 
Exercises



Announcement 

• Lab1 Part 2 tutorial videos released 
+ ≈ 2 hours 
 * debugging using labels, error trace, state graph
* PlusCal vs. Auto-Translated TLA+ Predicates

• Optional Textbook for Model Checking and Program Verification 
Logic in Computer Science: 
Modelling and reasoning about systems

by M. Huth and M. Ryan



Logical Quantifiers: Examples

How to prove ∀ i • R(i) ⇒ P(i) ?

How to disprove ∀ i • R(i) ⇒ P(i) ?

How to prove ∃ i • R(i) ∧ P(i) ?

How to disprove ∃ i • R(i) ∧ P(i) ?

(2) Prove Res CIemptyarrays e.g. Rsiso
attaiseygrogieseneharder

(1) Assume RCT) prove PST

=>P(T)
(1) Find a witness St. RCT) xPSI)

(1) Give a counter.example:RCT) xLP(T)
->gives someeataboutthise.g. error trass 5.t. P(i) might

be easie

&
harder(1) Show 1R(i) (2 emptyarray)
⑬RC) 1 (PCI) -> forall satisfying

Rs they
don'tsatisfytobedand



-> satisfies

Sudok MEPITAair.

=enerencoding (board)"rules ofgame
M =no solution.

↳ failed -> arrow tract rep solutionon
mu

a wayto lead to a state-



Prove/Disprove Logical Quantifications
R P

Ry/Rz/23/24 ↓X1..10, each > 0

A
↳ disprove:counter-example:E.ERNin

#

us 1

witness:2
=>

FF.

maxwaitis 10 but 10:10 If



Is the following statementcorrect:

TO

We can justgive a witness
x-1.

Notcorrect: "I is the but
X=1 nota valid witness

((X)
=F).
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=7x · Tme x(

-.TmeAY ↳
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#x .P(x) =27x. 2p()

7x.Px) =2fX - 1P(x).



Predicate Logic: Exercise 1

Consider the following predicate:
∀ x, y • x ∈ ℕ ∧ y ∈ ℕ ⇒ x * y > 0

Choose all statements that are correct.

1. It is a theorem, provable by (5, 4).
2. It is a theorem, provable by (2, 3).
3. It is not a theorem, witnessed by (5, 0).
4. It is not a theorem, witnessed by (12, -2).
5. It is not a theorem, witnessed by (12, 13).

N =981,.. . , +13

#
T

-r JENxOEN

X
correct inappropriate witness =>5*0x0

correct F

f & ⑰- F S

↓ 12CNXREN
12.7NA -27N= 12A -20 = ⑦ =>12x1570



Consider the following predicate:
∀ x, y • x ∈ ℕ ∧ y ∈ ℕ ⇒ x * y > 0

Choose all statements that are correct.

④

x.8,...... +0if:0,1,2, ... +

(as3/X>0,ysO => X+ y > 0
=>xxyx,0

(ase] Xx0 , y>,0 if one or both is 0
=>7*7 =0 => xxy-0.



- An axiom is assumed to be toll,
with no need for proofs.

- A theorem is a Boolean expression
thatrequires a proof
↳ Imma

↳ sub-theorems to help



Predicate Logic: Exercise 2

Consider the following predicate:
∃ x, y • x ∈ ℕ ∧ y ∈ ℕ ∧ x * y > 0

Choose all statements that are correct.

1. It is a theorem, provable by (5, 4).
2. It is a theorem, provable by (2, 3).
3. It is a theorem, provable by (-2, -3).
4. It is not a theorem, witnessed by (5, 0).
5. It is not a theorem, witnessed by (12, -2).
6. It is not a theorem, witnessed by (12, 13).

⑦
-

↑ f(Nx4tN
~ 15*4>0

·

Xmuit
⑰



Logical Quantifications: Conversions

( ∀ X • R(X) ⇒ P(X) ) ⇔  ¬( ∃ X • R(X) ∧ ¬P(X) ) 

( ∃ X • R(X) ∧ P(X) ) ⇔  ¬( ∀ X • R(X) ⇒ ¬P(X) )

R(x): x ∈ 4315_class
P(x): x receives A+

De Morgan

=

Ax . R(X) = P(x)R()
= G Axiom:Ux.R(x) =2(7X . 18(x))3nationalstyle.
(EX..(R()ERe)
=9 known:4 =g =7pv93
7(7X .7(zR(x)vP(x)

=> SdeMorgan:7(PWg) =7px285
7(zx .xR(x) x -P(x))

=> I double negation:22p=p]
1(73.R(x)x -P(x))



Lecture 6 - January 26

Model Checking

Introduction
Linear-time Temporal Logic (LTL): Syntax



Announcement 

• Lab1 Part 2 tutorial videos released 
+ Help: Scheduled Office Hours & flexible TA hours
+ ≈ 2 hours 
 * debugging using labels, error trace, state graph
* PlusCal vs. Auto-Translated TLA+ Predicates

• Optional Textbook for Model Checking and Program Verification 
Logic in Computer Science: 
Modelling and reasoning about systems

by M. Huth and M. Ryan



Use of Model Checking in Industry
Pentium FDIV bug: https://en.wikipedia.org/wiki/Pentium_FDIV_bug

/
checking
attheentiteis



Formal Verification: Proof Based vs. Check Based

A propertiula Matisticpinatarcpopesas
derivable torightin systemdelamilatedinI I

~

h

inferencemolestions
andidlesee

using
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Even ifthere system automated

formula reds of
actions,
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stem fore-after 191 inference rule application

- traverst
the

⑤sy
(begards, 1 between M and I graphtock.

30.5 IE
1a theorem prover not

a A1 always find it.



Temporal Logic
auto-translated

- Syntax:structure frolus(al
7

stategraph,basedonpredicates
> YES

MFP
- semantics:meaning > model checker->

->unknown
(TLA+e

↳ (is how to express
TA+-

>
SPINsUppalestateexplosion>

NO MAd
its how to check

error

23s when the check failed, tal)

how to interpretthefor
&



</graph
(with a cycle).

(Computation)Path: must
->o-o-naoulghtobetioryBP

:0an infinite seg. of states thatmodels the timeS a model checking is natural for reactive system).tract



LTL Syntax: Context-Free Grammar ElP
D ->propositional
&
-> 6asz

1 logid
->>

atomic

description
( which itself

unavif does notcontain

eventually/
0 operators

orif operators).
S

binaif· operators
|xt)0 =8x0 =4x6 =pxX8 =Tfrom the

imp grammar.Vor valid ITL formula derivableuse 1.



Operator Precedence
(1) F0=> Pz
-
-

5(FP1) => 02↳10EONA
means

Precedence
X

a Fc G A*uary(i) op*/
UsWs R Abinary (TL op*/

Y 3 logical op.=>



xg
Letter symbol
X 5.P
F 4) ①

G FGd
11/

↳10



Lecture 7 - January 31

Model Checking

Practical Knowledge about Parsing
Operator Precedence
Drawing Parse Trees
Left-Most Derivation (LMD)



Announcement 

• Lab1 Part 2 tutorial videos released 
+ Help: Scheduled Office Hours & flexible TA hours
+ ≈ 2 hours 
 * debugging using labels, error trace, state graph
* PlusCal vs. Auto-Translated TLA+ Predicates

• Optional Textbook for Model Checking and Program Verification 
Logic in Computer Science: 
Modelling and reasoning about systems

by M. Huth and M. Ryan
• Written Test 1 approaching…

↳ WSC OEESS login -> lab computer
② PP- login -> eClass



Parsing: Some Practical Knowledge

Assumption: Operator precedence considered first before the CFG.

context-free
↓ granular the setofstrings

devirable fromg
base

gases/ p

1 terminals
L ↑terminals #cpzg7CLstarable -> T

language↳ CTL formulapergatet grammar
no
connector of

to geton-teris in-between
LTL

a pVF(g)( (g)
pUFzgG(g)



Interpreting a Formula: Parse Trees (1)

F p ∧ G q ⇒ p U r

-> top down:
root ->leaves

root.

↓
p.giv4 ① Bl

atom

Iyword Logical tempaare
↑less tightly
PEP
*Do
&

F(x,d(0,pi
F4

FpxGq



Interpreting a Formula: Parse Trees (1)

F p ∧ G q ⇒ p U r

-> top down:
root ->leaves

root. p.giv4 X x81at↓ I

Iyword Togical tempaare
↑less tightly
PEP
*Do

FNcVsxx +

FpxGq



54277/4>2

1T;1x
↓-

( no evaluation
should

be done

- syntax #T,-antiss
↳ onlymakes sense
if the formula is correctalyst=,4z



Interpreting a Formula: Parse Trees (2)

F (p ∧ G q ⇒ p U r)

2.4 =G=V?

-

,p,-
= =

① => 0
/N 1
014000

(.n.(=
-

g870 pdx,p:
%10



pX8 =GxP butdifferent PTs.

Given two formula strings +1 and fe
differentspellings.

(1) IfA + f2, butfl and f2 have the same

parse tree, fl and f are considered

FpxGgzpUv
as semantically equivalent.
coptionalf fl =f2, butHandfat

(Fp)x(Gg)=>(pUv) have different PTs, this↓<
A partof the input string to

means the grammar is ambiguous.force some order ofinterpretation.
& parentheses are omitted in PTs.



Interpreting a Formula: Parse Trees (3)

F p ∧ (G q ⇒ p U r)



Interpreting a Formula: Parse Trees (4)

F p ∧ ((G q ⇒ p) U r)



Interpreting a Formula: LMD (1)

F p ∧ G q ⇒ p U r

derived ↑-> left-mostterminalis to

=> d => 0
↓) implicationlef-most

non-terminal

=>0npz 0
=>Foxp => 0

=> Fp10 =0
&to be continued...).



Lecture 8 - February 2

Model Checking

Comparison: Parse Trees, LMDs, RMDs
Deriving Subformulas
Labelled Transition System (LTS)



Interpreting a Formula: LMD (1)

F p ∧ G q ⇒ p U r

eschstePatioein this
· grammar

is
derived ↑-> left-mostterminalto

=> d => 0
↓) implicationlef-most

non-terminal

=>0npz 0
=>Foxp => 0

=> Fp10 =0
=> FpxG0=> 0
=>FpxGg =0

when there's no
done!

=>IpxGg => 000
non-termina &·EPxGgERON



Interpreting a Formula: LMD (2)

F (p ∧ G q ⇒ p U r)



Interpreting a Formula: LMD (3)

F p ∧ (G q ⇒ p U r)



Interpreting a Formula: LMD (4)

F p ∧ ((G q ⇒ p) U r)



Interpreting a Formula: RMD (1)

F p ∧ G q ⇒ p U r



Interpreting a Formula: RMD (2)

F (p ∧ G q ⇒ p U r)



Interpreting a Formula: RMD (3)

F p ∧ (G q ⇒ p U r)



Interpreting a Formula: RMD (4)

F p ∧ ((G q ⇒ p) U r)



F p ∧ G q ⇒ p U r

Interpreting a Formula: PT vs. LMD vs. RMD

Ip RMP,P=00 => 8=> d
-II => dxp => 0
④↑ ⑦
EFXPEN

=>d= dud
=> d=> rv

0 = 6 -

=>P=> pUr

11 => FpxGk= 0 =>PX8 => pUr
p*p000 ·out => Fp +Gg =0 =>0XG1=> pUr

=> IP xGg => 1ud =>rGg =pUrs FpxGg =pU

=

-dy! OfE F+XGq=pur => FONGg=pUr
=> Fp xGg => pUr

subtree:Fp x GG



Deriving Subformulas from a Parse Tree
Enumerate all subformulas of:

F (p ⇒ G r) ∨ ((¬ q) U p)

Insteads bracketstrings
obtained from subtrees.

* and ** are notthe sametest?** ⑦
:is *** F isappliedt
81.Stow many subformulas?
↳ counthow many P's.

10

·pop) opoconizen.stoumerate alsubdrmse79
*on +PpzECEI<=> Gv ↓EGSWRGD
((1g)Vp)



Given a PT: Enumerate all subformulas:

*p (F(p)(X)G(G))

*****



Context-Free Grammar (CFG): Exercise
Is the following CFG ambiguous?

Example:
if Expr1 then if Expr2 then Assignment1 else Assignment2

Coptional)
dangling else

⑤



Context-Free Grammar (CFG): Exercise
Is the following CFG ambiguous?

Example: A Possible Semantic Interpretation?
if Expr1 then if Expr2 then Assignment1 else Assignment2=



Context-Free Grammar (CFG): Exercise
Is the following CFG ambiguous?

Example: A Possible Semantic Interpretation?
if Expr1 then if Expr2 then Assignment1 else Assignment2



Labelled Transition System (LTS)

M = (S, ⟶, L), given P

Q. Formulate deadlock freedom: 
From any state, it is always possible to make progress.

a w&labellingfuncIETIA-
(ES -P ↓ ↓ =
me a fairs.

T

finity transition relation comsetpofeocitiessee atonsatisfiedin
given
a statist of f 1

returna states ↓
set
0

member invaluesheis /GSx->S to

2.9. P
=9X <0.X>43

the setofarelationsrates. 180 St-1

Sz
X=b

· Y(80) =9430SBVs.stSE(7s'.sESX(S,S'e1) >CSi):93
x ((S) +0 L(S2) =9xxy



<-St S

->S- S

& > SI

->So

7
Six (S0, (0)

<(801),(80,()3
not a function

a relation!



Lecture 9 - February 7

Model Checking

Examples: LTS Formulation
Paths, Unwinding All Possible Paths
Path Satisfaction: X, G, F



Announcements

• Lab2 released
• WrittenTest1 coming
-
cover until and including today
Isome left-over examples

I to be finished within first20 min
on Thursday).



Labelled Transition System (LTS)

M = (S, ⟶, L), given P

Q. Formulate deadlock freedom: 
From any state, it is always possible to make progress.

a w&labellingfuncIETIA-
(ES -P ↓ ↓ =
me a fairs.

T

finity transition relation comsetpofeocitiessee atonsatisfiedin
given
a statist of f 1

returna states ↓
set
0

member invaluesheis /GSx->S to

2.9. P
=9X <0.X>43

the setofarelationsrates. 180 St-1

Sz
X=b

· Y(80) =9430SBVs.stSE(7s'.sESX(S,S'e1) >CSi):93
x ((S) +0 L(S2) =9xxy



Labelled Transition System (LTS)
Exercist ind,

8<G =2 dec,
3 =(z = 5in2z

↓init:G =1
desz

[2 =3

S: 9So, S1, Su, S33
= = > =9(50, 57),

- ... (SIsSz),
(SzqS3),

properties 4 ind Id

ssz*we're ind > S1 >S2 (S3gSz),

Inatgestedone C=1 C =2 (SzzS1),
verifying. > 1-i

dec
dec dec (S15S0)3

desX M =CS, 2,L)E =9(8039(13),
V

(S,9(,1,(=13),
(S3,5(>,(3)3 (S2z9(>13)s



Labelled Transition System (LTS): Formulation & Paths
Assume:P =9P,8:r3

P
↓
->state so satisfies p and a

psg,iV C implicitly v is notsatisfied
M =(S,-,)

-
&

S =9 So, S1 = S23
1P378 - =9(S0>S1);(S0aSz),

Ithstie
wasas

->S-> -(z -... (S2, SO)'s (S1sSn),
->

SD-IB- -JR7 (Sz,S2)3

siterEdfn spath X =9 (So,24183),

ScSqerI3



↑3=80 -11 -60-11 -...

i =51 -52 -53 -84 -65 -...

(T))3 =54 -55 -...
=T4

I=So-S -S -S- -5--
XTO

TE =T
T=(1 -50 -51 -60 -12

-...



Unfolding so
x
= /

9. Si

vi8 *
Sh:------



Path Satisfaction: Logical Operations

π ⊨ p
π ⊨ ⊤  
π ⊨ ⊥  
π ⊨ ¬𝛟 
π ⊨ 𝛟1 ∧ 𝛟2
π ⊨ 𝛟1 ∨ 𝛟2
π ⊨ 𝛟1 ⇒ 𝛟2

s1 s2 si-1 si si+1… …

Q: Express that all the 
even-numbered states satisfies a proposition p. 

A path satisfies a proposition 
if its initial state (“current state”) satisfies it.

firstor e.g.π =st92-

·EstPatEOLeCOSgtIststi
en iFP

=
it#V

#>i(Tkp)
v

I
2

#=> itPIN TVFPz

①

O OOOOOOOOO



Path Satisfaction: Temporal Operations (1)

s1 s2 si-1 si si+1… …

A path satisfies X𝛟 
if the next state (of the “current state”) satisfies it.

Formulation (over a path)

Q. What is π3 ⊨ X p checking?

T ->
nextstate

"antrentstate"

π(Xq==> TF0
iS

*



Path Satisfaction: Temporal Operations (2)

s1 s2 si-1 si si+1… …

A path satisfies G𝛟 
if the every state satisfies it.

Formulation (over a path)

Global

T G0 > fi.is=π F



Path Satisfaction: Temporal Operations (3)

s1 s2 si-1 si si+1… …

A path satisfies F𝛟 
if some future state satisfies it.

Formulation (over a path)

&
Future

TL FF0 => Ji . is1 x TF0



Lecture 10 - February 9

Model Checking

Path Satisfaction vs. Model Satisfaction
Unary Temporal Operators: X, G, F



Announcements

•   Lab1 solution coming soon!
• Lab2 released
• WrittenTest1 guide & example questions released

+ Verify EECS account on a WSC machine
+ Verify PPY account and Duo Mobile on eClass

• Review session on Monday? 1pm or 2pm?Gen.



satisfaction relations

x =p

(2) S - IF0
mode I

↓
State

consider
from

used tostartingrelates.



Path Satisfaction: Logical Operations

π ⊨ p
π ⊨ ⊤  
π ⊨ ⊥  
π ⊨ ¬𝛟 
π ⊨ 𝛟1 ∧ 𝛟2
π ⊨ 𝛟1 ∨ 𝛟2
π ⊨ 𝛟1 ⇒ 𝛟2

s1 s2 si-1 si si+1… …

Q: Express that all the 
even-numbered states satisfies a proposition p. 

A path satisfies a proposition 
if its initial state (“current state”) satisfies it.

firstor e.g.π =st92-
OEPCR.COS.-Iststateen iFP

& Ist state
"1 NITENXISO TEV

=

satisfiesIfunioee
=>πz FP &

#>i(Tkp)
v

①

2 iFRINTOSIsatisfiesstcI #=>

inTENX "

I
O => π P



Path Satisfaction: Temporal Operations (1)

s1 s2 si-1 si si+1… …

A path satisfies X𝛟 
if the next state (of the “current state”) satisfies it.

Formulation (over a path)

Q. What is π3 ⊨ X p checking?

T ->
nextstate x=1-siess

"antrentstate" πSF- Xp
(3/2

E> (π3) Fp
x(Xp -> i0 > i+1p(> ptL(54)

* T



Formulation (over all paths)

Model Satisfaction

Given:
• Model M = (S, ⟶, L)
• State s ∈ S
• LTL Formula 𝛟 

M, s ⊨ 𝛟 iff for every path π of M starting at s, π ⊨ 𝛟. 

How to prove vs. disprove M, s ⊨ 𝛟?

⑰ =

model satisfaction x
π =Stvapath

w.r.t. )

SF↑ <= OTL it starts withs >0
↳
patisfaction

(1) To prove SF need to show for every possible path it,x =p
2. To disprove SIP provide a witness i =5- .... TIf%.



π ⊨ ⊤
π ⊭ ⊥
π ⊨ p ∧ q
π ⊨ p ∨ q
π ⊨ p ⇒ q
π ⊨ r
π ⊨ r ⇒ p ∧ q ∧ r

Recall: π ⊨ p ⇔ p ∈ L(s1)

Exercise: What if we change the LHS to π²?

Model vs. Path Satisfaction: Exercises (1.1)

Say: π = s0 → s1 → s2 → s2 → …
④ S

- -

6 ⑳

I

⑰

① &

⑰

z ⑰
⑦

Th F PEG π Issat:⑦ -T=

π π π
S

⑰
Tkyzp1gEr F.

~

20 ⑦



s0 ⊨ ⊤
s0 ⊭ ⊥
s0 ⊨ p ∧ q
s0 ⊨ p ∨ q
s0 ⊨ p ⇒ q
s0 ⊨ r
s0 ⊨ r ⇒ p ∧ q ∧ r

s ⊨ p ⇔ all π starting at s, π ⊨ p

Exercise: What if we change the LHS to s1?

Model vs. Path Satisfaction: Exercises (1.2)

⑦" all possible paths
⑦ I starting from

So

① has%as the

firststate
Eπ FP(>

&iFBzgD PtL(S1)S

SiETpEgaT To



π ⊨ X ⊤
π ⊭ X ⊥
π ⊨ X (q ∧ r)
π ⊨ X q ∧ r
π ⊨ X (q ⇒ r)
π ⊨ X q ⇒ r

Exercise: What if we change the LHS to π²?

Recall: π ⊨ X 𝛟 ⇔ π² ⊨ 𝛟

Model vs. Path Satisfaction: Exercises (2.1)

Say: π = s0 → s1 → s2 → s2 → …
Sl

= ② &2nd stats.
- -

(i T c

5 -

⑦
I E> π- +gx
< ⑰F

E> π g =zrt.
iFXgxIEV
⑰8.Esodessig = Eg=I⑰F



s0 ⊨ X ⊤
s0 ⊭ X ⊥
s0 ⊨ X (q ∧ r)
s0 ⊨ X q ∧ r
s0 ⊨ X (q ⇒ r)
s0 ⊨ X q ⇒ r

Exercise: What if we change the LHS to s1?

Model vs. Path Satisfaction: Exercises (2.2)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟
need toconsiderpaths starting fromso
Opossible nextstates

fou So?

&
S ⑦

⑰Witness:So->2...
⑰Witness:Do-s.....nextus satisfying v

states frowl So
starting

possible for pat 120Es=5 +5x-...
v is gist



π ⊨ G ⊤
π ⊭ G ⊥
π ⊨ G ¬(p ∧ r)
π ⊨ G r
π ⊨ G r

Model vs. Path Satisfaction: Exercises (3.1)

π ⊨ G 𝛟 ⇔ ∀ i • i ≥ 1 ⇒ πⁱ ⊨ 𝛟  
Say: π = s0 → s1 → s2 → s2 → …

Exercise: What if we change the LHS to π²?

15 ⑧

⑰

up
-- -

C
-> ip

v1

<Pa7G ⑰
⑰S5515.. -

To disprove path satisfaction, ↑

give
a witness state.--

S - (z -(z -...FGr

⑰
O



s0 ⊨ G ⊤
s0 ⊭ G ⊥
s0 ⊨ G ¬(p ∧ r)
s0 ⊨ G r
s2 ⊨ G r

Model vs. Path Satisfaction: Exercises (3.2)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s1?

↓
-

w
⑦

1V

I & I ⑦
<pvir↓ ↓ # =

-P
=-> all paths starting1P & I from so cover all
X 5a+9(

witness: & ⑰-

so
7

-
1V



π ⊨ F ⊤
π ⊭ F ⊥
π ⊨ F ¬(p ∧ r)
π ⊨ F r
π ⊨ F (q ∧ r)

Model vs. Path Satisfaction: Exercises (4.1)

π ⊨ F 𝛟 ⇔ ∃ i • i ≥ 1 ∧ πⁱ ⊨ 𝛟  
Say: π = s0 → s1 → s2 → s2 → …

Exercise: What if we change the LHS to π²?

O &
-

①I
O & ①F

⑰
↳allstatesinThastrayare

I =L↓
witness.So witness:S,



s0 ⊨ F ⊤
s0 ⊭ F ⊥
s0 ⊨ F ¬(p ∧ r)
s0 ⊨ F r
s0 ⊨ F (q ∧ r)

Model vs. Path Satisfaction: Exercises (4.2)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s1?

O
⑰ :every stafffees (Pr
⑰

SFF0 (T =s-..)Witness:S0 ->S2 +52-..↳> for each path starting from S,
(gar neverthere's one state satisfying % satisfied



Sunday, February 12

Written Test 1 Review 



F

state disproving E
nee

T =S -.-.

A path path starts with state SE

TCFF↓ path I P
7: °[E( xi <1x

todiprov,Iis path ↓ F

forthewitnessatsatisfythe



Prove us. Disprove model satisfaction of G.

SiM FGD

↳rus.Dispore pit
F i · T =S -> ...> you'll only be given

options to choose
for.

i FG & e.g. S2FXI
↳ to disprove,

ise...*to disproessfind a I ↑
omay

be just
a

r

I 7. P4L(S)d prof atomsbecomplicatedrators



consequence

isX(p is missing! Operator Precedence
->Unary temporal EsFsG

wil; letterscanthisof U op? Binary temporal UsWsR

stifftenbee WO! Unary Prop. 7

C

⑦- =4
A

Ialternatively:-not rightneededt V

an operator :Gq =v,Us)
than
U.
-

with lower
precedence Assume:questions will notreg. athan W

decision on the associativityofE,X.



1, j
N D. Consider:

- PU (qxv>
①

X 0 =>OU P=
parse trees

LMDL
" EY", iti-

-drag and drop lines(R of derivation steps in correctorder(gx
v)

solution -

↓

masvailable. Is this a valid

LMM?



Lecture 11 - February 28

Model Checking

Path Satisfaction: Nested LTL Operators
FG vs. F => FG



Announcements

• Released: WrittenTest1, Lab2 solution
• To be released:
+ ProgTest1 Guide (by the end of Wednesday)
+ ProgTest1 practice questions (by Thursday class)

progtest/
*
1

?
-

In 2 a Igorithms
- conditionals, loops, tuples
- assertions (postcondition)



F ↓

!"IG
XSCEI
state model

satisfaction arbitrary formula
L consideratingwith s



Fx P(X)
disprove:
find an X s.t. 24x)

7x. Px)
disprove:
find all possible x s.t. 2Px),



Nesting “Global” and “Future” in LTL Formulas

s ⊨ FG 𝛟
Each path starting with s is s.t. eventually, 𝛟 holds continuously. 

Q. Formulate the above nested pattern of LTL operator.

Q. How to prove the above nested pattern of LTL operators?

Q. How to disprove the above nested pattern of LTL operators?

->
-0-0..
I=R

x0f ...

Is -,
E

Siss
specific *FI).k=S- ... -*****=

to

singdaedi,Ix(VE.j,
i =(TI

**A -> (including itstates*D consider all path patterns starting from s
**I find such i & each state sequentto it state satisfitsp.
*I Find a witness i =S -...
**&Show thatfor each state in it.

**

There'soneSubsegee



s0 ⊨ FG r

s0 ⊨ FG (p ∨ q)

s0 ⊨ FG (p ∨ r)

Path Satisfaction: Exercises (5.1)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s2?

F 11le
ness: So -S--1, -...

-

=
- rottbe patien
1q Witness So - -

-...-

involved
and both p andg

g.se.get
stuck here,

art violated

③60 -> S1 +S2 +62 -> ...so -> 11 - So ->St.-



SFGP

I
SFFGD
-



:---
Consider

·
dzzz

D. -~

W
DI1 =[z

& Ti> is I
mayor may

notbe the same
&T1 <T2



Nesting “Global” and “Future” in LTL Formulas

s ⊨ F𝛟1 ⇒ FG𝛟2

Each path π starting with s is s.t. if eventually 𝛟1 holds on π, 
then 𝛟2 eventually holds on π continuously. 

Q. Formulate the above nested pattern of LTL operators.

Q. How to prove the above nested pattern of LTL operators?

Q. How to disprove the above nested pattern of LTL operators?

w

0
"

dummies FT. T =S - ... )

(58., 1 xEF di3afteris inC1-SE, Ix(fjojs,i =i7)))



Lecture 12 - March 2

Model Checking

Path Satisfaction: Nested LTL Operators
F 𝛟1 ⇒ FG 𝛟2



Nesting “Global” and “Future” in LTL Formulas

s ⊨ F𝛟1 ⇒ FG𝛟2

Each path π starting with s is s.t. if eventually 𝛟1 holds on π, 
then 𝛟2 eventually holds on π continuously. 

Q. Formulate the above nested pattern of LTL operators.

Q. How to prove the above nested pattern of LTL operators?

Q. How to disprove the above nested pattern of LTL operators?

wasE
&

&

*FT. T =S -...
152, · in), 1 xT* =0,
**=)S CI5iz in <(x(j.(*))
O Consider all path patterns & aT=T b. FE-c. --T

&Find a witness path & T= F.



Path Satisfaction: Exercises (5.2)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s2?

s0 ⊨ F (¬q ∨ r) ⇒ FG r

s0 ⊨ F (¬q ∧ r) ⇒ FG r

alt to A: S2 satisfies 7g x2, then from 52, M S0 ->S1t So-S1t... ->S2---~ is cout.E

⑤So -11 -10+11- .. - -60 -fzt...

So -S,-52- ..- exercises.W V
* ·
--

DSo -> S1-> So ->S2-...
& & ↳ no state in this path satisfies if ar
- ↳ F( 7g xr) is false

&> So +-32- ... false ->P=1.
E.I
-I satisfies 2Gxr Witness:"So -> S1-So-S1-.--↳ F(zg xr) is

↳ satisfies F(qur):Si
starting from S2, Gr is satisfied.I =I =N4violates:FG r:So

does not
satisfy r.



FGd
·
bb--

#

8 ⑨ ⑲



Lab2 Solution: getAllSuffixes (V2: Tuple of Tuples)

input: [23, 46, 69]
result: 
[[23, 46, 69], 
 [46, 69], 
 [69]]

constants
input wars will

be

redantadel checking.↳
Ien(input]
3

outputs will be variables

P
D C algo. 2

->

&
-I(55-- 3

&O
D D

IE



input: [23, 46, 69]
result: 
[[23, 46, 69], 
 [46, 69], 
 [69]]

use->-
- refer to

·

I 2 an item

E e
in tuple.

use J
-

-

fer to
to a suffix

&

- - -

nee -

an item in some

resulttuple ↓

⑤ k =1,2,3 ((en(resultI]))
offset

-

k =12
⑨3 k =1



Lab2 Solution: getRightShifts

input: [23, 46, 69]
result: [69, 23, 46]

B =>P

E =a

If she -buy outpos utIspt
23 3

34

E



Assertion:explicitaboutthe variables
that can be used.

[ 1,2,310<4,5,6

output] 10x[>>



Lecture 13 - March 14

Model Checking

Model Satisfaction: Nested LTL Operators
GF 𝛟, GF 𝛟 ⇒ GF 𝛟
LTL Operators: Until, Weak Until, Release



Announcements

• ProgTest1 result to be released by Friday
• Lab3 to be released by the end of ThursdayP
mutual

·



Nesting “Global” and “Future” in LTL Formulas

s ⊨ GF 𝛟
Each path starting with s is s.t. continuously, 𝛟 eventually holds. 

Q. Formulate the above nested pattern of LTL operator.

Q. How to prove the above nested pattern of LTL operators?

Q. How to disprove the above nested pattern of LTL operators?

-> I
E finitelyinit,indefinitely for bette
*VQ. T =S - ... (*** again
**I · ix1 =(5E.FI
6 E.

i conderpath patterns is argue for each state on the path p.
i3, for each state, where's the future state

*Give a witness path T that satisfies of
**Give a witness state on it, saysthatthes



(1) GFI::..

↳100

1s



s0 ⊨ GF p

s0 ⊨ GF (p ∨ q)

Model Satisfaction: Exercises (6.1)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s2?

15# ...
-> P -p

15t :So1=G(pur)
Path Patterns

111So ->S1 - S0 -> 11-...

So -12-1---- 45-east
(3) fo -> 11 ->S2 ->--.

pVG

I
satisfy pur

44)So -> 51 -60 -> S1 . . . -11 -62 -62 --- ↳ all states



s0 ⊨ GF p ⇒ GF r

s0 ⊨ GF r ⇒ GF p

Model Satisfaction: Exercises (6.2)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s2?

So IGF p
=>Grlfe

- just. For so ->Si-
s

En⑯
⑳)
·I continuously

~r y

↳
. . . . . ③

P P.
(1) assume GFp:onlypath to consider
12. In thatpath: EF v So ->S1 ->Sot..⑧ twess

fir. T =S-... =)
F

Witness 1.
(XI.... -

-fz -...

->
5j.... a FP) GF v is True

C
Si . ... (5j.... XIEV)) but GF p is false

T=F =I.



Path Satisfaction: Temporal Operations (4)

s1 s2 si-1 si si+1… …

π |= 𝛟1 U 𝛟2 
There is some future state satisfies 𝛟2, and 
until then, all states satisfy 𝛟1 .

Formulation (over a path)

until
⑧ &:Is it ok

E
O
=X thatbutthe

Pl Pz UR2: Is itok
-

thatG, d, and? FPz

iF4.U4(7=0,1x/*j -1)



Path Satisfaction: Temporal Operations (5)
π |= 𝛟1 W 𝛟2 
If there is ever a future state that satisfies 𝛟2, then 
until then, all states satisfy 𝛟1. 
Otherwise, 𝛟1 must always be the case.

s1 s2 si-1 si si+1… …

Formulation (over a path)

s1 s2 si-1 si si+1… …

a
weak until Q. Is it ok

D
that

-

OVs
but 12.

&user
d Pr d de &2. Is it ok

D
that G, D, and

②
di % I I, I... V. F Pz?

4, W0z (
↓. W4 P,2 dz d. HDz

V

Y(f.k1 =i14,)



44 =G
(g ↳Leaker

stronger

isfyingrateex1qse

modernGD,



Path Satisfaction: Temporal Operations (6)

s1 s2 si-1 si si+1… …

π |= 𝛟1 R 𝛟2 
If there is ever a future state that satisfies 𝛟1, then 
until then, all states satisfy 𝛟2. 
Otherwise, 𝛟2 must always hold (i.e., never released).

Formulation (over a path)

s1 s2 si-1 si si+1… …

9
-> releaseby has been holding, P, releases it

"

I O
or
-

Dr P In
-

=>bz ↓z Pz z..

FF4.RPn= (Ei·is1 x(YEjsz.)disjunctC put constraintsCTFP2)IG th-p, beingsatisfied.



Lecture 14 - March 16

Model Checking

LTL Examples: Until, Weak Until, Release
Formulating Natural Language in LTL



Announcements

• Mar 23 class?
• ProgTest1 result to be released by the end of Friday
• Lab3 released
• WrittenTest2 example questions to be released
• Review Q&A session: 7pm on Sunday, March 19?

~ 6:457 video
=>lecture

- -
- ->

PPYYogin-
-Fi
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trigforged
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cast
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Wil d. UPz Tmlquation
era formula

d. p. ... I Pz the

1
Th 8

..... l ③ saif,thereintePiz
aux. ->GP (Si)

until 4, WDz Has theee
4. p. ... 4, Pz

Th ..... I
it
is ... 1 E satisfy.(ov]

....

(Si)
%= 0zcorV.I.... 18..-



Model Satisfaction: Exercises (7.1)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s2?

s0 ⊨ p U r

s0 ⊨ p W r

s0 ⊨ r R p

1
& S
-

Ifalse

I "no state
-

-
S isfyingthe
, UPz = diWdz E

* =Ur always tru

= 1we
I

-

5o-> S1 -So- ...Since Witnes
(1) no state that satisfies >Ar

v
i) not the case that p

I

is always true



Model Satisfaction: Exercises (7.2)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s2?

s0 ⊨ (p ∨ r) U (p ∧ r)

s0 ⊨ (p ∨ r) W (p ∧ r)

s0 ⊨ (p ∧ r) R (p ∨ r)

1

"4xV is never satisfie

I
↳ We know:(purs for (part
But:(pur) is always satisfied.
A
↓

aloaseSRGe



Formulating Natural Language in LTL (1)

Natural Language: 
I had smoked until I was 22.

Atom t: I was 22
Atom s: I smoke
Q. Is s U t an appropriate formulation? 

#xIsmoked I
G(I was 22 x ..).
I

was 22

·jj..- js is is

smoked Io
(Iwas 22 a

S
&
So S ⑤. ↑I smoked
I it ↓ bi

j.12jES Iwas 22
Solution (ked 2 Pz

30
......I"sudeds)



Formulating Natural Language in LTL (2.1)

Natural Language: 
It’s impossible to reach a state 
where the system is started but not ready.

Assumed atoms:
- started
- ready

LTL Formulation

Gb =FD
-

Fb =2Gzp

LF) started atready)

G(I (started ready) (↓
G(I started v ready)

->G (started => readif)



Formulating Natural Language in LTL (2.2)

Natural Language: 
Whenever a request is made,
it will be acknowledged eventually.

Assumed atoms:
- requested
- acknowledged

LTL Formulation

no
starvation

G (requested =>Fack.)



Formulating Natural Language in LTL (2.3)

Natural Language: 
An elevator traveling upwards at the 2nd floor
does not change its direction 
when it has passengers wishing to to to the 5th floor.

Assumed atoms:
  - floor2, floor5
- directionUp
- buttonPressed5

LTL Formulation

↑

i

[
e

M G floor xbuttonPressed5
-

-

- >(directionUpfloorsde - "
C S

28x



Sunday, March 19

Written Test 2 Review 



&... e.g.
auegers

a tuple,triedscending
order

-
output.--

-> integernon-

costconditi
- -

section
a intult

-
the condition

the cut itsee *assert (Ai.i (in 1.. (eucoutputs-1P*put Inf output [i]<=output[c+1]

277
Q. Is this postcondition correct & complete?
- Given a correct pair ofinput/outputsi assertion should pass.tit'aciatethe

- Given anetpair ofinput/outputsin
assertion should fail.



synt"Endevriableformgearare
not"es sxG(es)
edz)
Compare to 70.



4:Ieat

G:Igo to school

Ina to school

G((xg) =p)



EAFdz?
Fir: T =S0-... -
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soE(102)

Fi. T =So- ...

55. IX
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Lecture 15 - March 28

Program Verification

Stronger vs. Weaker Assertions
Total vs. Partial Correctness



Announcements

• Bonus Opportunity - Course Evaluation
• ProgTest1: Echo (eMail, Zoom); Jackie (Office Hour)
• Lab3 due tomorrow
• ProgTest2
• Final Exam: Review Q&A Sessions

I
seriod unti

cal, graceI

17...

↳data sheet

↳ one side only;putanything you like
↳ Computer- typed is lopt



Lecture

Program Verification

Correctness - Motivating Examples



pl 42androstarrestronger

x13 -more satisfying values
-

x >4

5,6, --
·

weaker.
41
=

P2 -7 I satisfying
values freepredicate.ThepI stronger

p2 weaker
fewerstronger



-- algorithm foo

-assert toger
erecord. Imp.

move

Ainput intestatethe↳ No

valuted Postcord.I weaker

-Pinown"pitytotrue post.-
! way to putation

come



known:p1=
Preconditions

-

t stronger:
search (intt] as farIVreaker it wee

Con input
↳ precord:for linear known:p1=pI*arch:

will Postconditions (1 vs. 42
G 4

↳ precond for binary weaker:
search: stronger: ensure lessmore
a !=
null ensure put -F out on

the
=

a is
sorted

on
the It outsult.vesc



Program Correctness: Example (1)

Correctness
(afication

-Fist k : 1. Relative conceptv wea
-> too

/ value 4 itEd, 2. For inputvalues satisfying4
is accel

and it's cause the precondition,
to

violate executing the implementation
will:I

s gngterminateande
(1) terminateE correct! Es output/input

Is this program correct? Upon
satisfies the postcond.specificationforinamalationnotec33===+99is133 -> unporasare

termination.



Program Correctness: Example (2)

#8,9,..-> Is this precond, too strong?
- allowedby there

↓

↓ 15, 16, 117. - need to check the RER.

fixed.
1
Is this program correct?

91<53i= =i+99i<133 ->proval theorem



Lecture

Program Verification

Hoare Triple and Weakest Precondition



~e.g. Conjuntatot

↓
E
I
3 S E

I
3

crecondition postconditionbe I programmingCar formed
trans Boolean statement.Po2 x2402 =
into
a predicate incorrect.

Hoare Triple:[R3S [R3 POI

40. (withoutterminationsStarting in a state saisfying Rs
v

=>partial correctness executings willgiginstate
or

PO2 N POI => total correctness



Lecture 16 - March 30

Program Verification

Weakest Precondition (WP)
WP Rules



Announcements

• Lab3 due tomorrow
• ProgTest2
&->

Friday, M

1
↳ level ofdifficulty - EECSIO21/022



-> Algithe
- impS

how toratetformulate - a

inesate?
[R3 S [R]

↓ - ROs for partial correctness &
-store. Hatable-> algo, correct

termination

E otherwise =>incorrect.



Hoare Triple as a Predicate

Q
S

Rwp(S, R)

= fakes germin#Or ex wp/S,R)
- -> fails tohold if
R is weakerthan

up35, R)
19ftenldrazig"esatisfying

based on1 ↳>

the actuateprenditaestablishre



S

IncorrectProgram
&

⑭D
S-

&Tarting fortnt"stistys? The algo'sprecondition resultate" satisfying Rwill not



spretsofeottbegintothe↳ imp
usually omitted the post-state value of

3342: Th
b equals the

b b
↳ ↳ pro-state

value ofb

pre-state post-state minus a

4315b0 b
↳ Yost-state

pre-state



Lecture

Program Verification

Rules of wp Calculus



Rules of Weakest Precondition: Assignment

     x := e

e.g. x := x + 1

R
e.g. x > 0

wp??

-> base case for

up calculation

SR3

x > 0 w·grasariseeNoth

I
arf

pre-state
what imp

value
post-the should be post-state



IncebetterareW(X= =23,

X4ofete=5 upvalue for :=3

1 =46 [X =
=23]

program is:
=23 =46 E
- wile X: =23

\x=463
"FakeEcke



Correctness of Programs: Assignment (1)

!xxo
= 9 up rile of := 3

*No [X= =xo+ 1] condition

->
Precorrest

=Yo+ 1 > No
Trut

- 12 0 =1. -E



Correctness of Programs: Assignment (2) Heise

°X



Program Correctness: Revisiting Example (1)

Q

S

R

wp(S, R)

°X
17 &
-

175
-

D
(E) i < 4
issA+9, i> 13)



Program Correctness: Revisiting Example (2)

Q
S

Rwp(S, R)

°X
P

I

up (I=
=i+9,T>13)D↓

=
[ >4

argus:235 => i <4



Rules of Weakest Precondition: Conditionals

wp(if B then S1 else S2 end, R)enchupbrand
W

B ="cp (S1, R) SR5R
! ↓

R =B =

wp (Sr, R)Goth j S-Bam,easiertong wPSS
statement.



Correctness of Programs: Conditionals

Is this program correct? (Step3)
*

s Agre:X30xsoE up

(Step 1) Formulate Hoare Triple
ExcoxycoBeSebsmaller's

*

Step 2)Myp(If BthenSie S2 s bigger,
smaller).

Exercise.



up(:1.)
phase I remaining phases

Si = 2
-

-

S E R

wp(Siscp(s,
RC) (MR)



Correctness of Programs: Sequential Composition

P
Step 1) Calculate cop/ity:=tmp, X:if

-5 cp rile for 53 v

xtmp:=x,xcy))_ of :=3
up(tmp: =X, cp (X: =y,tmp,x-if))

n,<up rule of :=3

Trus up(Imp = =2 = y < tmp)



Lecture 17 - April 6

Program Verification

Contracts of Loops: Invariant vs. Variant
Correctness of Loops



Announcements

• Lab4 released
• Exam guide released



Program Verification

-Predicates:Stronger ->Weaker
- Hoave Triple 903S [R3

=> R =

wp(S, R)
Oshow up calculation & Art -> onexample S

me math :

=Stification] =9 ... . 3
review I if then else
lecture

ne cequational Ime

= 9.. - 3 style).
i

i
ne



Lecture

Program Verification

Contracts of Loops



Correctness of Loops

{ Q }
  Sinit

  while ( B ) {
    Sbody

  }
{ R }

init It. 
1

It. 
2 Fina

l It
.

init It. 
1

It. 
2 Fina

l It
.

Loop invariant
inits

lization beforn't care. attheaeration
↑last-

nitic

trefo------- ↳Istill

E I =>
holds
tur

evation

↓(997: =i+1steps ...

BE
t

7
variant

Look Spod
Limplere E BEhates ·
-o

-> sbody
V

specification
...



non-empty Jcloop counters

Input: M

Output: index i S.t. input [i] is max.

- Exercise. Write an assertion for the postcondition.

-Exercise 2:loopinvariant.
↳ Hint:loop counter
Hint:inclusive of I

or not?



Contracts of Loops
Syntax

Runtime Checks

->
input output

-
precond

stayinte
-

Godt
7

~>
intl exitforpopX

& 1

of lo

?
I

coud *R onlyneeds toC A

post be established state and terminates

...
In there'sadoptexercisebente. esfidxe



Contracts of Loops: Example

Runtime Checks

Specification

Assume: Q and R are true

end of iteration i I V B

2 oprecond.O Sinitis "i= 1

established

-
-

I
- =E *e- T

E T



Contracts of Loops: Violations

invariant: 1 <= i <= 5
variant: 5 - i

Runtime Checks

Specification

Assume: Q and R are true

violation?

which iteration?
-



Contracts of Loops: Visualization -B

Sinit
17
-

->
->

S ·invariant
established & !LI

maintained final
iteration

2, TB

3. R



Lecture

Program Verification

Correctness Proofs of Loops



Correct Loops: Proof Obligations

[R3 Sinit[I3

SINB3 Sbody 9 I3
-Bx I => R

[IYB3 SodyCat
F

D SIxB3ScodysfV
means

variant, post
atthe end ofiteration



Correct Loops: Proof Obligations

Specification

Example
1== A

DSTme 3 I ==1 [E3
- ·

- atto be includedin
&[k=[xi=6xi =53

Sinit I:=i+1
- 91=[ x =63

D

②
⑤

-

-



9a3

loop

a assume:no loop

[R3

up (Sextra,R)



I hope you enjoyed learning with me ¥

All the best to you £


